We design special structures for testing interatomic potentials. These are highly symmetric structures for which the simple mathematical forms of interatomic potentials result in artificial relations between atomic force components. Here, pair-potentials and embedded-atom method (EAM) potentials are considered and we quantify the extent to which these relations are violated by ab-initio calculations. From such analysis we deduce more generally the suitability of using such potentials to reproduce atomic forces and hence their suitability in describing atomic dynamics.
Introduction
Interatomic potentials, by design, tend to have simple mathematical forms which limit their ability to describe the true physics of a solid. For highly symmetric structures, the number of degrees of freedom available to fit a potential can be fewer than the number of physical datum to which the fit is being made. Hence dependencies between these data-points can be predicted for the potential which may not be consistent with ab-initio or experimental results. Pair-potentials for example describing cubic crystals in which each atom sits on a center of inversion must obey the Cauchy relation: C 12 ¼ C 44 , which is often strongly violated in real solids.
We design highly symmetric potential diagnostic structures (PDSs) with a view to predicting a similar set of relations between atomic force components for different potential formalisms. The potential formalisms considered in this work are simple pairwise-only potentials and the widely used embedded-atom method (EAM) potential. 1) Depending on whether the dependencies between force components are violated or adhered to by ab-initio results we can deduce the suitability of using such potentials to fit to forces more generally. Accurate force reproduction is essential for a good description of atomic dynamics, including self diffusion, diffusion of impurities, lattice vibrations and heat conduction.
The problem with fitting potentials is always that a good fit to certain portions of the dataset results in a less satisfactory reproduction of some other parts of the data-set (e.g.
2)
). By deriving dependencies between force components and comparing them to ab-initio data, we can prove that a simultaneous fit between certain force components is not possible. This methodology is in contrast to the usual approach of using one's fitting experience to identify regions of the dataset for which a simultaneous fit is not possible-a process which can be time-consuming and inconclusive.
Our analysis will lead us to consider unrelaxed crystal PDSs. Unrelaxed structures have the necessary short-ranged point symmetry within the interaction range of the potential to cause dependencies between different force components. Also, by considering unrelaxed structures, the ability of a potential to fit to the bare interatomic interactions can be tested, unpolluted by the effects of lattice strain. Finally, unrelaxed structures are easily reproducible, enabling them to be used by other authors to readily test potential formalisms other than those considered in this work.
Specifically, we will perform our calculations on unrelaxed bcc -iron (ferrite) with interstitial carbon. This will enable us to make a contribution to the ongoing debate as to how the ferritic phase of steel might be best represented using a semi-empirical potential. [3] [4] [5] [6] This is an important topic because many properties of steel originate from the interaction of carbon (and nitrogen) with point and extended defects. These interactions must be treated using a semiempirical or empirical approach, since the numbers of atoms involved in such interactions place them well out of reach of current ab-initio methods such as density functional theory (DFT). 7, 8) 
Interatomic Potentials
The potential which appears in the Schrödinger equation describing the motion of ions under the Born-Oppenheimer approximation can be expanded in N-body terms
where r i are position vectors, r ij is the distance of separation between atoms i and j and jik is the angle between atoms j and k subtended at atom i. Semi-empirical approximations to these potentials, referred to as interatomic potentials, often start with the second term (the first term is only non-zero when there are external forces). Such pair-potentials can be written
If we regard N i as a generalized coordination number, then we see that the contribution to the total energy from a given atom depends linearly on this generalized coordination number. The feature of metallic bonding that each subsequent bond on an atom yields a smaller gain in energy is therefore not reproduced by pair-potentials.
The linear dependence of the energy contribution of an atom on its coordination results in particularly un-physical interatomic forces. To see this, consider an atom A located on a center of inversion in a lattice. Now consider adding a second atom B to the neighborhood, thus breaking the inversion symmetry at the site of atom A. The force on atom A calculated from a pair-potential must arise solely from V AB ðrÞ, since the force contributions from all other atoms will cancel out. The force must therefore act along the vector separating the two atoms, which is unphysical since there should be additional contributions to the force from the neighboring lattice atoms due to the altered coordinations of these atoms.
The EAM potential introduces higher order terms through the concept of the embedding energy. The energy is written
where i is the species of atom i. The first term is the embedding energy and describes the energy associated with the interaction of each atom with the background electron density at that atom, expressed as:
where j ðr ij Þ is the contribution to the background density from atom j. The embedding energy can be regarded as a coordination dependent energy, with the background density interpreted as a generalized coordination number. 9) By including an energy contribution from each atom which is non-linear in this coordination number, and by giving the embedding energy a positive curvature, the EAM allows for a more correct description of metallic bonding. A limitation of the EAM however is that the background density is a function only of interatomic distances and does not depend on the angular arrangement of neighboring atoms.
Potential Diagnostic Structures
Let us design our highly symmetric PDSs so that the limitations of pairwise and EAM potentials described above might be expected to impact severely on the ability of these potentials to reproduce atomic forces. To achieve this, we choose PDSs in which two carbon atoms are placed in octahedral interstices of unrelaxed bcc-iron at various separations (see Fig. 1 ). Each of these carbon atoms would see a centrosymmetric environment were it not for the presence of the other carbon atom. Hence pair-potentials will incorrectly predict forces on the carbon atoms which are equal in magnitude and oppositely directed along the vector separating the two atoms. The angular independence of the background density in the EAM potential is also targeted by these structures. PDSs 1 and 3 for example share an overcoordinated iron atom which sees the same background density in both structures.
The PDSs can be visualized by considering the octahedral shells of iron atoms surrounding each carbon atom. PDS 1 consists of two octahedra with the same orientation sharing a first nearest neighbor atom. PDS 3 can be obtained by rotating one of these octahedra by 90 degrees about the shared first nearest neighbor atom so that two second nearest neighbor atoms are also shared by both octahedra. Finally a further 90 degree rotation about the edge containing the shared second nearest neighbors gives PDS 2. Performing these rotations about the shared atoms makes clear that the environments of the shared first nearest neighbor atom of PDSs 1 and 3 and the shared second nearest neighbor atoms of PDSs 3 and 2 are the same except for the different angular arrangement of the carbon atoms.
PDSs 4 and 5 contain carbon atoms slightly further apart and are formed by sharing an iron atom between the two octahedra which is a first nearest neighbor of one octahedron and a second nearest neighbor of the other. Two orientations are possible, and can again be obtained from one another by a 90 degree rotation about the shared atom, which again makes explicit the equivalent EAM environment of the shared iron atom. PDSs 6 and 7 consist of two octahedra sharing second nearest neighbors, again at 90 degree rotations to each other.
Ab-Initio Calculations
The ab-initio forces were obtained using DFT, with calculations performed using the Vienna ab initio simulation package (VASP). [10] [11] [12] The generalized gradient approximation (GGA) to the exchange-correlation functional due to Perdew-Wang 13) was used and the projector augmented wave (PAW) 14) method was used to describe the electron-ion interaction, with the number of valence electrons for carbon and iron taken to be 4 and 8 respectively.
A supercell of 128 atoms (4 Â 4 Â 4 conventional bcc cells) was used to model the atomic configurations. K-point sampling was performed using the Monkhorst-Pack scheme, with a 4 Â 4 Â 4 k-point mesh and a Methfessel-Paxton smearing of ¼ 0:1 eV. A kinetic energy cut-off of 400 eV for the PW expansion of the electronic wave functions was used for all calculations.
Results
The forces on the carbon atoms in the PDSs calculated using DFT are presented in Table 1 , with referring to the atom at by symmetry. For the other PDSs, there are contributions to the forces away from the nearest neighboring over-coordinated atoms.
As discussed, pair-potentials produce equal magnitude forces acting along the vector separating the two carbon atoms, and can therefore reproduce the forces on carbon atoms for either PDS 1, 2 or 7. A simultaneous fit to these PDSs using a pair-potential is not possible however, since the distance between carbon atoms for PDSs 1 and 2 are the same. Consequently the forces on the carbon atoms for a pair-potential must be the same for both PDSs, in clear disagreement with the ab-initio results which show forces of 4.24 eV/Å and 0.41 eV/Å for PDSs 1 and 2 respectively. This difference in forces can be understood by considering the coordinations of the surrounding iron atoms. The presence of an over-coordinated atom at the origin in PDS 1, as compared with the atoms at 1 100 and 100 should generate a strong repulsion on the carbon atoms away from this atom. This is because the energy gain from increasing the coordination of a less highly coordinated atom (iron atoms at 1 100 and 100) is greater than the cost of decreasing the coordination of a more highly coordinated atom (iron atom at the origin) by the same amount. The carbon atoms in PDS 2 should also experience a repulsion due to the over-coordination of the shared second nearest neighbors as compared to the unshared second nearest neighbors. However, this difference in coordination is significantly smaller and therefore one expects a smaller force.
Using an EAM potential, which includes the necessary non-linear dependence of the energy of an atom upon its coordination, a fit to both of these PDSs can be obtained. The carbon atoms in PDS 1 experience the following force
where A is the contribution from the embedding energies of the nearest neighbor iron atoms
where 1 and 1 are the background densities of the iron atoms at 000 and 100 respectively. Contributions from the embedding energies of iron atoms beyond the first two nearest neighbors of the carbon atom are omitted.
The embedding energy function has a positive curvature with and we assume that d C =dr is negative at least for the first two nearest neighbor iron atoms, therefore A is positive. This is a general result, with the contribution from the embedding energies of any two iron atoms on opposite sides of a carbon atom giving rise to a contribution to the force on that carbon atom which is directed away from the more highly coordinated iron atom and toward the less highly coordinated iron atom.
In PDS 2, the two iron atoms on the shared edge of the octahedra see two second nearest neighbor carbon atoms and so have a higher coordination than the unshared second nearest neighbors on the other sides of the octahedra which see only a single second nearest neighbor carbon atom. Hence the forces on the carbon atoms are:
where we have used 2 ¼ 1 and where B is the contribution to the force on a carbon atom due to the embedding energies of its second nearest neighbors. The factor 1= ffiffi ffi 2 p accounts for the direction in which B acts, and the factor of 2 accounts for the two sets of iron atoms which make this contribution.
A and B can be adjusted separately to obtain a simultaneous fit to the forces on the carbon atoms for these two PDSs. Let us now see if a simultaneous fit is still possible if we also include PDS 3 in the fit. As we have discussed, the atom at the origin in PDS 3 has the same background density as the atom at the origin in PDS 1. Also, the atoms at 
therefore
whereas eq. (4) and eq. (6) give
showing that within the EAM and with 0 FeC ðr > a ffiffi ffi 2 p Þ ¼ 0, the following relation is satisfied:
From DFT calculations however we have: F 1;x À F 2;y ¼ 3:834 eV/Å and F 3;x À ðÀF 3;y Þ ¼ 0:184 eV/Å . This is a sizable difference, showing that a simultaneous fit to the forces on the carbon atoms in the first three PDSs is not possible with an EAM potential if we only include first and second nearest neighbor iron atoms in FeC ðrÞ. One has to include third nearest neighbors to achieve a fit, but the contribution from the third nearest neighbor in this case would have to be sizable, almost certainly damaging the fit elsewhere. An angularly dependent background density, such as that used in the modified embedded-atom method (MEAM), 15) could also be used to make the fit. Again, the angular contribution would have to be sizable in order to make up the large energy difference.
Similar relations between force components can be derived between the atomic forces of PDSs 4 and 5 and of PDSs 6 and 7. The forces in these cases are quite small however, and so the disagreements with the ab-initio results are less marked. For PDSs 4 and 5 we obtain: F 5;z À ðÀF 5;z Þ ¼ F 4;x À ðÀF 4;y Þ. However from the DFT calculations, the first quantity is 0.07 eV/Å and the second is 0.29 eV/Å .
At this point one should assess how important the forcefitting failure seen between PDSs 1, 2 and 3 is in the context of fitting an EAM potential to ferrite. In order to reproduce minimum energy paths, activation energies and entropies as well as other facets of kinetics, one must fit to unrelaxed structures. The large error in reproducing the atomic forces of our unrelaxed PDSs using the EAM therefore suggests a fundamental failing of the EAM in describing kinetics in bcc interstitial systems such as carbon in ferrite.
Conclusion
Highly symmetric PDSs have been designed with the intention of minimizing the number of degrees of freedom available to a potential when fitting to forces. Dependencies between atomic force components for these PDSs are predicted by potentials which, when compared with ab-initio results, indicate the suitability of the functional form of the potential itself in fitting to forces.
The designed PDSs for bcc interstitial systems consist of an unrelaxed bcc lattice with two octahedrally sited interstitial atoms at various separations. Pair-potentials unsurprisingly give a poor account of the forces, but more surprisingly EAM potentials also exhibit marked failures with regard to force reproduction. In particular, a dependency derived between the carbon atom force components of PDSs 1, 2 and 3 is in disagreement with the ab-initio results by % 4 eV/Å . Such a strong disagreement with ab-initio results suggests a fundamental limitation of the functional form of the EAM.
By choosing PDSs consisting of interstitial carbon in bcciron, we have made contact with the modeling of ferrite using interatomic potentials. On general grounds our results advocate caution when using EAM potentials to describe atomic forces in ferrite. More specifically, our PDSs represent the carbon-carbon interaction in the absence of the effects of lattice strain. The disagreement with ab-initio results therefore suggests that the bare carbon-carbon interaction in ferrite cannot be sufficiently well described using the EAM. Although the carbon-carbon interaction is strongly repulsive at short distances, in the presence of a vacancy, such closely separated carbons become strongly bound to one another. [16] [17] [18] A description of the short-ranged carbon-carbon interaction is therefore a vital ingredient in any potential describing ferrite. Longer range interactions cannot improve the fit to these nearby carbon-carbon configurations, although inclusion of angular dependency in the potential may enable a better fit.
